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The problem of volumetric 
locking
λ =
νE
(1 + ν)(1− 2ν)
Find uh   Uh such that
∫
Ω
Cϵ(uh) : ϵ(v) dΩ =
∫
Γ
f · v dΩ ∀v ∈ H10 (Ω)
Why?
Options to beat locking: 
• Increase polynomial order 
• Decrease mesh size 
• Remove the dependence of constant on 
p
h
 
||u  uh||1   C( )hp||u||p+1
Move to a mixed formulation
Find uh   Ph and ph   Ph such that:
µ
 
 
 (uh) ·  (v) d +
 
 
ph  · v d  =
 
 
f · v d   v   Uh 
 
  · uh q d   1
 
 
 
phq d  = 0  q   Ph
Stability
Fix one problem just to introduce another…
inf
q∈Ph
sup
v∈Uh
∫
Ω q∇ · vdΩ
||v||1||q||0/R ≥ βh > 0
Key to satisfying this condition is a good ‘balance’ 
between the pair of spaces…
MINI element
Arnold, Brezzi, Fortin 1984
Uh Ph
CG1[CG1 ⊕B3]2
Questions
• Can we produce a stable pair of spaces for the mixed formulation 
using meshfree approximation schemes? 
• Can we produce a general scheme, which works for arbitrary spaces 
of meshfree basis functions and even finite element basis functions? 
• Can we eliminate the pressure space to produce a generalised 
displacement method? 
• How does enrichment, in the manner of the MINI bubble, affect the 
convergence and stability? 
• Can we produce a numerical method that is particularly robust with 
respect to mesh distortion, and therefore ideally suited to 
hyperelastic problems?

Spaces
Uh := [ME(Ω;Nh, ρ)]2
Ph := CG1(Ω; Th)
For simplicity of the exposition, not required
uh(x) =
N∑
i=1
φiui
ph =
M∑
i=1
Nipi

Saddle-point problem
∫
Ω
BTDB dΩ u+
∫
Ω
BTmNp dΩ p =
∫
Ω
ΦTuf dΩ∫
Ω
NTpm
TB dΩ u− 1
λe
∫
Ω
NTpNp dΩ p = 0
B =
⎡⎢⎣
∂φux
∂x1
0
0
∂φuy
∂x2
∂φux
∂x2
∂φuy
∂x1
⎤⎥⎦ m = {1 1 0}T D =
⎡⎣2µ 0 00 2µ 0
0 0 µ
⎤⎦
Saddle-point problem
[
A B
BT −C
]{
u
p
}
=
{
f
0
}
How can we get rid of p?

N∑
b=1
∫
Ω
Npam
TBb dΩ ub − 1
λ
M∑
a=1
∫
Ω
Npa dΩ pa = 0
N∑
b=1
∫
Ωa
Npam
TBb dΩ ub − 1
λ
M∑
a=1
∫
Ωa
Npa dΩ pa = 0
For every pressure node:
Restrict integration domain to local domain:
Re-arrange to get equation for every pressure dof:
pa = −λ
N∑
b=1
{∫
Ωa
NpamTBb dΩ∫
Ωa
Npa dΩ
}
ub
Resulting in…
∫
Ω
BTDB dΩ u+
∫
Ω
BTmNpQ dΩ u =
∫
Ω
ΦTuf dΩ
p = Qu
Leaky-lid cavity flow
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CG1[CG1 ⊕B3]2
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Summary
• In an upcoming paper we show: 
• That the approach works for arbitrary basis function 
constructions, as long as the inf-sup condition holds. 
• Crucial to this is the use of accurate integration rules for 
polynomial orders greater than one. 
• Numerical inf-sup test results. 
• More convergence results. 
• Effectiveness of approach for incompressible hyperelastic 
problems. Greatly reduced sensitivity to distorted meshes.
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